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1. Introduction. In this paper we consider the following semilinear parabolic initial value problem: If(r)l < coIrI2P-1 + cl (see [26] ), whereas for initial data in K2 the result utilises the theory of invariant regions (see [28] ).
(Ri) For each uo E Ki there exists a unique solution of (1.1)-(1.3) which satisfies, for all T > 0,
u E L 2(07 T; Ho' (Q)) n C[o, T; L 2(Q)] and the mapping uo --u(t) is continuous for each t > 0. Hence the family of solution operators {S(t)}t>o defined by S(t)uo -u(t) forms a continuous semigroup on L2(Q).

In addition, if uo E Ho' (Q) n Ki then for all T > 0 u E C([O, T); Ho'(Q)) n L2(0, T; H2(Q)).
It is possible to show the following results about the semigroup S(t) (see [11] , [8] , [19] , [27] , [26] [1 It is our purpose in this paper to consider discrete dynamical systems generated by temporal and spatial discretisation of (1.1). We study the existence of absorbing sets, Lyapunov functions and attractors for the approximations and, in addition, describe various spurious features introduced by both spatial and temporal discretisation. We suppose that semidiscretisation in space yields a J-dimensional system of ordinary differential equations in time of the form (1. where (.,.)h denotes a discrete L2 inner product defined by lumped mass integration. Section 2 contains various general results on dissipative dynamical systems which will be required throughout the paper. In ?3 we analyse the semidiscrete problem (1.8)-(1.9). Semidiscrete analogues of (R1)-(R4) are proved. However, it is also shown that insufficient spatial resolution can lead to the existence of deceptively smooth spurious steady solutions and also to incorrect stability properties for the true steady states-there exist many more discrete stable steady states than true stable steady states. In ?4 we study the spurious dynamics of the explicit Euler scheme. It is shown that the method can produce period 2 solutions in n, the timestep, for arbitrarily small A\t. Furthermore it is shown that, however small At and Ax are taken, the scheme blows up with appropriate choice of initial data. Thus a global attractor cannot exist for the Euler method considered as a dynamical system on the whole of 1RJ. We derive a restriction on the timestep in terms of both the spatial grid and the magnitude of the initial data, under which discrete analogues of (R1)-(R4) hold. In ?5, various implicit schemes are considered. Discrete analogues of (R1)-(R4) are proved under far less restrictive conditions on the timestep than for the explicit Euler scheme; in particular schemes are constructed for which the timestep restriction is independent of initial data and of h. Section 6 is concerned with multistep backward differentiation formulae and similar results to those in ?5 are proved. Finally, in ?7, numerical results are presented to illustrate the theory.
I(v) I= [iVV(X)i12 + F(v(x))]dx, where F(u) is defined by (1.4), is a Lyapunov functional for {S(t)}t>o, that is, I(i) There exists cl such that I(v) > cl for all v E Ho (Q), and for every c there exists p = p(c) such that the diameter of {v : I(v) < c} is bounded by p. I(ii) I(S(t)v) < I(S(t')v) and for all t > t' > 0 and for all v E Hol(Q). I(iii) If I(S(t)v) = I(v) for all t
Similar questions to those addressed in this paper have been discussed for spectral approximations of (1.1) in [22] and for finite difference approximations to the Kuramoto-Sivashinsky equation in [6] . For Runge-Kutta methods applied to ordinary differential equations, see [14] . The question of convergence of attractors and of attracting sets for semilinear evolution equations is discussed in, for example, [9] , [10] , and [16] . The question of spurious steady states for such problems has been simultaneously studied in [1] . The treatment of discrete Lyapunov functionals, which are used extensively in this paper, is motivated by studies of the Cahn-Hilliard equation [5] .
2. Dissipative dynamical systems. In this section we review the theory of dissipative dynamical systems sufficient for our needs. It is convenient to consider discrete and continuous dynamical systems simultaneously. Let H be a complete metric space and t be a real parameter taking values in IR or Z. Let {S(t)}t>o be a family of operators from H into itself satisfying the semigroup properties Proof. Since H is finite dimensional it is sufficient to show that there exists to = to(B) such that, for each bounded set Bo C U, Ut>to S(t)Bo is bounded. If (i) holds then this is immediate since Ut>to S(t)Bo C B is a bounded set. 
S(t + s) = S(t)S(s)
V
If (ii) holds, by I(iii), we have that for each v e Bo, I(S(t)v) < I(v) < M(Bo) for all t > 0 and by I(i) it holds that S(t)Bo
Proof. By I(i) and I(iii), I(S(t)uo) is a bounded decreasing continuous functional for t E (0, ox) (or sequence for t E Z) and so has a unique limit e = lim I(S(t)uo). t o00
Because -y+(uo) is relatively compact there exists a cluster point v E w(uo) = limk,o, S(tk)uo and, because I is continuous, I(v) = limk O, I(S(tk)uo) = e. Thus I(v) = e for all v E w(uo). The invariance of w(uo) (Lemma 2.2) implies that for v E w(uo) S(t)v E w(uo) for all t > 0. Therefore, I(S(t)v) = e = I(v) for all t > 0 and, by I(iii) it follows that v E E.
We have for each uo E U that lim I(S(t)uo) = e7 8)-(1.9) . We start by introducing some notation and making explicit some assumptions about the structure of the spatial discretization. We introduce a discrete L2 inner product The assumptions that we make about the matrices M and A are reasonable and will be satisfied by standard second order finite difference approximations and piecewise linear finite element discretisations on "acute triangulations" of Q.
3.1. Equilibrium problem and steady solutions. We say that U* E L2(Q) is an equilibrium of (1.8) provided Our next result concerns the number of steady solutions (equilibria) of (1.8)-(1.9). We make an additional assumption on f(u), namely (F4). [1] . Their proof of existence is identical, but their proof of stability is different, relying on the structure of the discrete Laplacian, leading to explicit estimates for oyo(h). A similar method was also used by [23] to study the existence of spurious solutions of the viscous Burgers's equation when the dissipation is small.
In the following, a steady state U* is said to be asymptotically stable if it is stable in the sense of Lyapunov and, in addition, U(t) -U* as t --oo for all U(0) in a neighbourhood of U*. The convergence of solutions of (4.1) to solutions of (1.1) on a finite time interval as h, At -* 0 is well understood; see [21] . Such results require that At be restricted by the square of the space step h. Here we are concerned with the long time dynamics of (4.1), that is n -* oo, with fixed At and h. We show that the temporal discretisation (4.1) introduces spurious solutions with period 2 in the timestep and that, furthermore, under certain assumptions on f(u), these periodic solutions can be found for At arbitrarily small. We then discuss the effect of these periodic solutions on the dynamics of the problem. If At is restricted in terms of the initial data then the effect of the periodic solutions is avoided, a gradient structure ensues and the existence of absorbing sets and attractors is proved. However, if At is not restricted sufficiently in terms of the initial data the scheme may be shown to blow up, indicating that the unstable manifolds of the spurious periodic solutions are connected with infinity. Hence, by assumption on -y the mapping is a contraction on B. By the contraction mapping theorem, the proof is complete. O We now consider the effect of these spurious period 2 solutions on the dynamics of the Euler scheme. It is clear that, if the scheme is to inherit the gradient structure of the underlying PDE, then some restriction will be required on At in terms of the magnitude of the initial data-this is because for any At sufficiently small, it is possible to choose initial data in the domain of attraction of a period 2 solution which precludes stabilisation to the set of equilibria and hence a gradient structure cannot hold. Furthermore, we conjecture that the unstable manifolds of the period 2 solutions are connected to infinity. To substantiate this conjecture, we prove that for all At sufficiently small there is initial data which blows up under the Euler iteration (4.1). This should be contrasted with the underlying partial differential equation and its semidiscretisation, for which arbitrarily large initial data is mapped into an absorbing set under the evolution semigroup.
The following relationships are needed in the analysis: In addition, for any Uo E K2h, the w-limit set is contained in gh.
We proceed by obtaining some estimates of Un = (SA)'Uo. We begin by proving a time discrete version of the maximum norm bounds of Lemma 2. 
O1
We now prove the existence of an absorbing set in the 11 * 11 norm. To do this we employ a discrete version of the uniform Gronwall lemma, which is stated and proved in Appendix 2. 
U (RI4)h The functional defined by (3.9) is a Lyapunov functional for {(S)nj}t>o.
In addition, for any Uo E K4, the w-limit set is contained in 9h. The spurious steady states introduced by the discretisation are close in form to the metastable states; they are +1 everywhere except in transition layers. The resolution of the numerical method is insufficient to capture the tiny propagation speeds for the transition layers and hence these metastable states are stabilised by the discretisation and become steady solutions of the numerical method. Figures 7.3 and  7.4 show the numerical solution of (1.1)-(1.3) posed on the unit interval with the same initial data. In both cases the implicit Euler scheme is applied to (1.1)-(1.3) . In Figure  7 .3 a value of Ax = 0.05 is taken and the solution approaches a spurious steady state. The computed solution is smooth and there is nothing obvious which tells us that it is spurious-it is only the fact that we know a priori that genuine steady solutions have equidistributed zeros that enables to rule out the computation as spurious. In Fig. 7.4 solution evolves to form a metastable state before finally approaching the negative stable steady state. The metastable state is clearly closely related to the spurious steady state in Fig. 7.3 . Figure 7 .5 shows a trajectory approaching a steady solution which is unstable for the underlying PDE (since it changes sign) but which is artificially stabilised by the discretisation. To check that the solution is stable for the discretisation we took and division by r gives the result. O
